
Position eigenstates and wavefunctions

Energy eigenstates

Position eigenstates

* Follows from properties of displacement operators

energy eigenstate in the position basis

position eigenstate in the energy basis

“Position wavefunction of Fock state n”

x

Probability —> 

Probability density

orthogonality

<latexit sha1_base64="yeLsExg8RzRVTCGopKb3c7XtuwQ="></latexit>

!n(x
→) = →x = x→|n↑

<latexit sha1_base64="ZDUnegyB8yjfCJ+K+C6gSgR2fUE="></latexit>

!→
n(x

↑) = →n|x = x↑↑

**Act on an arbitrary coherent state to prove



Wavefunctions of energy eigenstates (Fock states)

Energy eigenstates

Position eigenstates

* Follows from properties of displacement operators

energy eigenstate in the position basis

position eigenstate in the energy basis

“Position wavefunction of Fock state n”

**Act on an arbitrary coherent state to prove

Recursion
<latexit sha1_base64="WZ3MhLTjWGZR+E1T6xchcIlm3pI=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgxZJIUS9CwYvHCvYD0lA22227dLMbdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpQIbtDzvp3C2vrG5lZxu7Szu7d/UD48ahmVasqaVAmlOxExTHDJmshRsE6iGYkjwdrR+G7mt5+YNlzJR5wkLIzJUPIBpwStFHQbhveyC3966/XKFa/qzeGuEj8nFcjR6JW/un1F05hJpIIYE/hegmFGNHIq2LTUTQ1LCB2TIQsslSRmJszmJ0/dM6v03YHStiS6c/X3REZiYyZxZDtjgiOz7M3E/7wgxcFNmHGZpMgkXSwapMJF5c7+d/tcM4piYgmhmttbXToimlC0KZVsCP7yy6ukdVn1r6q1h1qlXsvjKMIJnMI5+HANdbiHBjSBgoJneIU3B50X5935WLQWnHzmGP7A+fwBQmKQjQ==</latexit>

!→1 = 0

<latexit sha1_base64="RGarWCqAmxhYLou1MGESKWUqluo=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7ArQb0IAS8eI5gHJCH0TjrJkNnZZWZWDGt+xYsHRbz6I978GyfJHjSxoKGo6qa7K4gF18bzvp3c2vrG5lZ+u7Czu7d/4B4WGzpKFMM6i0SkWgFoFFxi3XAjsBUrhDAQ2AzGNzO/+YBK80jem0mM3RCGkg84A2OlnlvsjMDQmD7JjgI5FEive27JK3tz0FXiZ6REMtR67lenH7EkRGmYAK3bvhebbgrKcCZwWugkGmNgYxhi21IJIepuOr99Sk+t0qeDSNmShs7V3xMphFpPwsB2hmBGetmbif957cQMrropl3FiULLFokEiqInoLAja5wqZERNLgClub6VsBAqYsXEVbAj+8surpHFe9i/KlbtKqVrJ4siTY3JCzohPLkmV3JIaqRNGHskzeSVvztR5cd6dj0VrzslmjsgfOJ8/BPuTvw==</latexit>

p̂|n→ =

<latexit sha1_base64="e5WX6zoIZ9q47WFIi1/pfAC/83I=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK4GjLt2MdCKLhxWcU+oB1KJs20oZnMkGSEMvQP3LhQxK1/5M6/MdNWUNEDFw7n3Mu99/gxZ0oj9GHl1tY3Nrfy24Wd3b39g+LhUUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQq87v3VCoWiTs9i6kX4rFgASNYG+n2Eg2LJWQ36lXk1iCyEapXKhVDLpDTKFegY5QMJbBCa1h8H4wikoRUaMKxUn0HxdpLsdSMcDovDBJFY0ymeEz7hgocUuWli0vn8MwoIxhE0pTQcKF+n0hxqNQs9E1niPVE/fYy8S+vn+ig7qVMxImmgiwXBQmHOoLZ23DEJCWazwzBRDJzKyQTLDHRJpyCCeHrU/g/6ZRtp2q7N26p6a7iyIMTcArOgQNqoAmuQQu0AQEBeABP4NmaWo/Wi/W6bM1Zq5lj8APW2ydgt409</latexit>

= 0

position operator

momentum operator



Where is the oscillator?

Wavefunction

(it’s real)

Probability density

x0 is one unit

xx

Ground state corresponds to “motion” —> quantum fluctuations

Excited states oscillate more the higher the energy



Where is the oscillator? It can be where it cannot be classically!

<latexit sha1_base64="3ZariwSj6IXTfYULvxgp1Zci8r4=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR3FiTUNSNUBDBZQV7gTYNk+mkHTqThJmJWELXbnwVNy4UcesTuPNtnLRZaPWHgZ/vnMOZ8/sxo1JZ1pdRWFhcWl4prpbW1jc2t8ztnaaMEoFJA0csEm0fScJoSBqKKkbasSCI+4y0/NFlVm/dESFpFN6qcUxcjgYhDShGSiPP3I97zonD4QW8gseQdyNOBqjn3Hs44xpbnlm2KtZU8K+xc1MGueqe+dntRzjhJFSYISk7thUrN0VCUczIpNRNJIkRHqEB6WgbIk6km05PmcBDTfowiIR+oYJT+nMiRVzKMfd1J0dqKOdrGfyv1klUcO6mNIwTRUI8WxQkDKoIZrnAPhUEKzbWBmFB9V8hHiKBsNLplXQI9vzJf03TqdinlepNtVyr5nEUwR44AEfABmegBq5BHTQABg/gCbyAV+PReDbejPdZa8HIZ3bBLxkf39f+lyc=</latexit>

p2/2m = E →mω2x2
c/2 = 0

Classical turning point

<latexit sha1_base64="xgHJvQbvja/LdmNSkzEczx6AYM8=">AAACCnicbVC7SgNBFJ31GeMramkzGgKxCbsS1EoCNpYRzAOyS5idTJIhszvLzF3ZsElt46/YWChi6xfY+TdOHoUmHrhwOOde7r3HjwTXYNvf1srq2vrGZmYru72zu7efOzisaxkrympUCqmaPtFM8JDVgINgzUgxEviCNfzBzcRvPDCluQzvYRgxLyC9kHc5JWCkdu7EBZZAWlXSHxdHyeg6adMz7JIoUjLBju0W2rm8XbKnwMvEmZM8mqPazn25HUnjgIVABdG65dgReClRwKlg46wbaxYROiA91jI0JAHTXjp9ZYwLRungrlSmQsBT9fdESgKth4FvOgMCfb3oTcT/vFYM3Ssv5WEUAwvpbFE3FhgknuSCO1wxCmJoCKGKm1sx7RNFKJj0siYEZ/HlZVI/LzkXpfJdOV8pz+PIoGN0iorIQZeogm5RFdUQRY/oGb2iN+vJerHerY9Z64o1nzlCf2B9/gBF3Jnt</latexit>

Prob(|x| > xc) → 10%



n = 100

<latexit sha1_base64="Ukjv3M94vwLje2Rj42Hqxhj3hEM="></latexit>

x → 0 =↑ U(x) ↓ En =↑ |p| =
√

2mEn

<latexit sha1_base64="XUWTzgLHaUd/UcjVBgYUGYzchQw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXNVEiroRim5cVrAPaEKYTCbt0JlJmJkIJWTjr7hxoYhbP8Odf+O0zUJbDwwczjmXO/eEKaNKO863tbS8srq2Xtmobm5t7+zae/sdlWQSkzZOWCJ7IVKEUUHammpGeqkkiIeMdMPR7cTvPhKpaCIe9DglPkcDQWOKkTZSYB96zIQjFOSe5Hl0UxTwGg7P0sCuOXVnCrhI3JLUQIlWYH95UYIzToTGDCnVd51U+zmSmmJGiqqXKZIiPEID0jdUIE6Un08PKOCJUSIYJ9I8oeFU/T2RI67UmIcmyZEeqnlvIv7n9TMdX/k5FWmmicCzRXHGoE7gpA0YUUmwZmNDEJbU/BXiIZIIa9NZ1ZTgzp+8SDrndfei3rhv1JqNso4KOALH4BS44BI0wR1ogTbAoADP4BW8WU/Wi/VufcyiS1Y5cwD+wPr8AQQalf0=</latexit>

ωdB = h/p!!particle = wave!!

De Broglie wavelength

The higher the energy the harder to see the wave!

<latexit sha1_base64="pH6svvqDfM10mwvbQ8jXwNQd5Fo=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiSlqMuiG5cV7AOaECaTSTt0ZhJmJmIJ+RU3LhRx64+482+ctllo64GBwznncu+cMGVUacf5tiobm1vbO9Xd2t7+weGRfVzvqySTmPRwwhI5DJEijArS01QzMkwlQTxkZBBOb+f+4JFIRRPxoGcp8TkaCxpTjLSRArve8phJRyjIPcnz6KYoArvhNJ0F4DpxS9IAJbqB/eVFCc44ERozpNTIdVLt50hqihkpal6mSIrwFI3JyFCBOFF+vri9gOdGiWCcSPOEhgv190SOuFIzHpokR3qiVr25+J83ynR87edUpJkmAi8XxRmDOoHzImBEJcGazQxBWFJzK8QTJBHWpq6aKcFd/fI66bea7mWzfd9udNplHVVwCs7ABXDBFeiAO9AFPYDBE3gGr+DNKqwX6936WEYrVjlzAv7A+vwBIKmUeQ==</latexit>

2ωdB



From oscillator to a qubit

<latexit sha1_base64="b0LFluFQplYd2UNWPeXwFgPYZtU="></latexit>

p → charge

x → flux

m → capacitance

ω → 1/
↑
LC

<latexit sha1_base64="JWxii/E4udaAII49nadTeGihK4k=">AAACDXicbZC7SgNBFIZnvcZ4W7W0GYyChYRdCWojBGwsI5gLJEuYnZxNhsxemDkrCUtewMZXsbFQxNbezrdxcik08YeBj/+cw5nz+4kUGh3n21paXlldW89t5De3tnd27b39mo5TxaHKYxmrhs80SBFBFQVKaCQKWOhLqPv9m3G9/gBKizi6x2ECXsi6kQgEZ2istn3cbCEMMAtkOhidTZn3mOrCyKPXVLR6PlNtu+AUnYnoIrgzKJCZKm37q9WJeRpChFwyrZuuk6CXMYWCSxjlW6mGhPE+60LTYMRC0F42uWZET4zToUGszIuQTtzfExkLtR6GvukMGfb0fG1s/ldrphhceZmIkhQh4tNFQSopxnQcDe0IBRzl0ADjSpi/0nEUjKMJMG9CcOdPXoTaedG9KJbuSoVyaRZHjhySI3JKXHJJyuSWVEiVcPJInskrebOerBfr3fqYti5Zs5kD8kfW5w8g35ws</latexit>

[flux, charge] = i⊋

<latexit sha1_base64="kRyRLjuaN0WF8FD4sveKqKVRSi8=">AAACJXicbZDLSgMxFIYz9VbrrerSTbAIFaHOlKIuFApuCm4q2Av0RiZN29BkEpKMtAx9GTe+ihsXFhFc+SqmF1Bbfwj8fOccTs7vS0a1cd1PJ7ayura+Ed9MbG3v7O4l9w/KWoQKkxIWTKiqjzRhNCAlQw0jVakI4j4jFb9/O6lXHonSVAQPZihJg6NuQDsUI2NRK3ldgDdQNrPnWQ7PYCk9OIV1JKUSgx/K64KTLmpm4WCCLLmzLsqNWsmUm3GngsvGm5sUmKvYSo7rbYFDTgKDGdK65rnSNCKkDMWMjBL1UBOJcB91Sc3aAHGiG9H0yhE8saQNO0LZFxg4pb8nIsS1HnLfdnJkenqxNoH/1Wqh6Vw1IhrI0JAAzxZ1QgaNgJPIYJsqgg0bWoOwovavEPe QQtjYYBM2BG/x5GVTzma8i0zuPpfK5+ZxxMEROAZp4IFLkAcFUAQlgMETeAFvYOw8O6/Ou/Mxa40585lD8EfO1zdluaBM</latexit>

H = p
2
/2m+ U(x) → p

2
/2m+mω

2
x
2
/2 +Kx

4

diagonal  
matrix

<latexit sha1_base64="6YWnLmuaSAlBEBUvQKxrQTMx+y0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8BLx4jmAdsljA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KU8Et+P63V9rY3NreKe9W9vYPDo+qxycdqzNDWZtqoU0vJpYJrlgbOAjWSw0jMhasG0/u5n73iRnLtXqEacoiSUaKJ5wScFLY15KNyCD3g9mgWvPr/gJ4nQQFqaECrUH1qz/UNJNMARXE2jDwU4hyYoBTwWaVfmZZSuiEjFjoqCKS2ShfnDzDF04Z4kQbVwrwQv09kRNp7VTGrlMSGNtVby7+54UZJLdRzlWaAVN0uSjJBAaN5//jITeMgpg6Qqjh7lZMx8QQCi6ligshWH15nXSu6sF1vfHQqDUbRRxldIbO0SUK0A1qonvUQm1EkUbP6BW9eeC9eO/ex7K15BUzp+gPvM8f8ieRAA==</latexit>ω01

non-diagonal  
matrix

anharmonic spectrum

non-linear 
inductance

Electrical circuits 
are oscillators too!

qubit

Engineer

your

own


“atom”

at SQIL!



Wave functions and time evolution of an energy superposition state

Some initial state with a known wavefunction



Example: coherent state

Watch movie here

https://en.wikipedia.org/wiki/File:Coherent_state_gif.gif



What is wave-function of a position eigenstate?

Find numerical eigenvectors of 

eigenvector for 

eigenvalue x’

Approximate wavefunction for position eigenstate with eigenvalue x’

The higher Nmax, the more accurate the wavefunction is!


